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We analyze and compare three different schemes that can be used to generate entanglement
between spin qubits in optically-active single solid-state quantum systems. Each scheme is based on
first generating entanglement between the spin degree of freedom and either the photon number, the
time bin, or the polarization degree of freedom of photons emitted by the systems. We compute the
time evolution of the entanglement generation process by decomposing the dynamics of a Markovian
master equation into a set of propagation superoperators conditioned on the cumulative detector
photon count. We then use the conditional density operator solutions to compute the efficiency and
fidelity of the final spin-spin entangled state while accounting for spin decoherence, optical pure
dephasing, spectral diffusion, photon loss, phase errors, detector dark counts, and detector photon
number resolution limitations. We find that the limit to fidelity for each scheme is restricted by the
mean wavepacket overlap of photons from each source, but that these bounds are different for each
scheme. We also compare the performance of each scheme as a function of the distance between
spin qubits.
I. INTRODUCTION
Photon-mediated entanglement generation between
quantum systems is important for implementing quan-
tum repeaters [1–6] and distributed quantum computing
protocols [7, 8], which may one day be used to build a
quantum internet [9–11]. To achieve this for systems that
emit visible or near-infrared photons, it is convenient to
use pulsed schemes that herald entanglement by the de-
tection of single photons [12–16]. Such schemes have al-
ready been implemented using atomic ensembles [17, 18],
single trapped atoms [19] or ions [20, 21], quantum dots
[22, 23], and defects in diamond [24, 25].
Solid-state systems are particularly attractive as a
quantum communication platform for their scalability,
ease of manufacturing, and potential to integrate with
classical information processing hardware [26, 27]. How-
ever, solid-state systems are subject to dephasing pro-
cesses that limit the initial amount of generated entan-
glement between systems as well as their longevity as a
quantum memory [8]. Spin decoherence can be caused
by the interaction of the spin qubit with a surround-
ing bath of nuclear spins [28] or lattice phonons [29].
These interactions can randomly flip the spin state of the
qubit during or after entanglement generation, or cause
a pure-dephasing of the spin coherence. Phonon inter-
actions can also cause homogeneous broadening of the
zero-phonon line (ZPL) for solid-state optical transitions
[30, 31], which degrades the indistinguishability of pho-
tons emitted from the quantum system [32]. These deco-
herence processes limit the amount of spin-photon entan-
glement and, consequently, the amount of final spin-spin
entanglement.
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The two most critical figures of merit for entanglement
generation are efficiency and fidelity. The efficiency im-
pacts the overall rate of quantum information transfer.
For example, the quantum key distribution rate for a re-
peater protocol is proportional to the entanglement gen-
eration efficiency. The fidelity quantifies the quality of
entanglement in addition to our knowledge about the
state of the system. High-fidelity entanglement is nec-
essary for many quantum information applications. In
addition, purification and error correction protocols re-
quire minimum fidelity thresholds to be satisfied [33].
In this paper, we apply a photon count decomposi-
tion to compute the entanglement generation efficiency
and fidelity of spin-spin entanglement heralded by photon
counting measurements. This approach uses a Liouville-
Neumann series [34–36] to decompose the master equa-
tion dynamics into a set of propagation superoperators
that describe the spin state evolution conditioned on the
cumulative detector photon count during a window of
time.
Conditional evolution is the foundation for the quan-
tum trajectories method [34, 37, 38] and is usually ap-
plied to reduce the computational complexity of the mas-
ter equation by solving an effective Schro¨dinger equation
or a stochastic equation of the open quantum system
[13, 39–44]. Recently, the photon count decomposition
has been used to compute photon statistics for compli-
cated emitter dynamics [43, 45], to propose a heralded en-
tanglement generation scheme for classically-driven emit-
ters coupled to a waveguide [44], and has been connected
to the exact emission field state of a quantum emitter
coupled to a waveguide [46, 47], justifying a physical in-
terpretation of quantum trajectories [47]. It is also intrin-
sically related to continuous measurement and quantum
feedback theories [37, 48], allowing for the computation of
active feedback schemes. As we will show, this decompo-
sition is also a powerful analytic tool to analyze photon
count post-selection, or passive feedback [37], schemes
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2under the effects of decoherence. In this context, the
photon counting measurement does not affect the aver-
age evolution of the open quantum system and the con-
ditional evolution description instead serves to properly
describe the collapse of the measured system.
A strength of the photon count decomposition is that
it can be used to compute entanglement figures of merit
while accounting for a multitude of realistic imperfec-
tions for any emitter Markovian master equation, includ-
ing those with pure dephasing effects. This circumvents
modelling the full spin-photon system and subsequently
tracing out the photonic modes by instead relying on
the input-output relations for the open quantum sys-
tems [49]. Furthermore, when considering direct pho-
ton counting measurements where there is no local os-
cillator, the vacuum fluctuations vanish allowing for a
direct proportionality between the system operators and
the emitted field [37, 40]. With this method, we take
into account imperfections such as spin flips, spin pure
dephasing, optical pure dephasing, spectral diffusion, col-
lection inefficiency, transmission loss, phase errors, detec-
tor inefficiency, detector dark counts, and limited detec-
tor number-resolving capabilities.
We analyze and compare three different popular spin-
spin entanglement generation protocols: (1) via spin-
photon number entanglement with a single pulse [12],
(2) via spin-time bin entanglement with two sequential
pi-pulses [13], and (3) via spin-polarization entanglement
using an excited Λ system [14–16]. Each of these re-
quire fast resonant pulsed excitation of the quantum sys-
tems. For each protocol, we derive the spin-spin condi-
tional states for photon counting measurements to com-
pute expressions for the entanglement figures of merit.
We also discuss their relationship to the properties of
single-photon emission from the individual quantum sys-
tems, such as brightness and mean wavepacket overlap.
We outline our methods in section II. Section III
presents our analytical and numerical results for each
protocol. We discuss and compare the protocols in sec-
tion IV and give our conclusions in section V.
II. METHODS
A. Photon count decomposition
Consider a general Markovian master equation
ρ˙ = Lρˆ(t), (1)
where L is the Liouville superoperator that contains all
the reversible and irreversible dynamics of the open sys-
tem. In our analysis, we notate all superoperators using
a calligraphic font and we assume that they act on every-
thing situated to their right unless otherwise specified.
To decompose the master equation dynamics into evo-
lution conditioned on single photon detection, we can
rearrange the master equation in the following way:
ρ˙ = L0ρˆ(t) +
N∑
i=1
Siρˆ(t), (2)
where L0 = L −
∑N
i Si and Siρˆ = dˆiρˆdˆ†i defines the col-
lapse superoperator Si [34] of the effective field dˆi at the
ith single-photon detector. For direct photon counting
detection where vacuum fluctuations do not contribute,
this effective field operator, which also accounts for pho-
ton losses, is described by the operators of the open
quantum system and is referred to as the source field
[13, 40, 50].
From equation (2), the density matrix solution ρˆ(t) can
be decomposed into a set of conditional states dependent
on the cumulative detected photon count ni in the i
th
mode of N modes using the Liouville-Neumann series
[34, 51]
ρˆ(t) =
N∑
i=1
∞∑
ni=0
ρˆ(n1,n2,··· ,nN )(t) =
∑
n∈NN0
ρˆn(t), (3)
where n =
∑N
i niei, and ei is the i
th natural basis vector
in the N -dimensional space of non-negative integers NN0 .
The conditional state ρˆn(t) is the unnormalized density
matrix ρˆn(t) = Un(t, t0)ρˆ(t0), where Un is the conditional
propagation superoperator described recursively by
Un(t, t0) =
N∑
i=1
∫ t
t0
U0(t, t′)SiUn−ei(t′, t0)dt′, (4)
and U0 is the propagation superoperator of the equation
ρ˙ = L0ρˆ(t). For convenience, we define Un = 0 if n /∈ NN0 .
The conditional state ρˆn(t) occurs with the proba-
bility pn(t) = Tr[ρˆn(t)] where
∑
n pn = 1 and the re-
sulting final state of the system at time t is given by
ρˆn(t)/pn(t). This decomposition is an exact description
of the original master equation dynamics because the to-
tal propagation superoperator of equation (1) is given by
U(t, t0) =
∑
n Un(t, t0). As a consequence, this decom-
position provides access to the state of the systems after
post selecting based on the number of detected photons.
Since the total propagation superoperator U has the
property that U(t, t0) = U(t, t′)U(t′, t0), we can also dis-
cuss conditional states for a window of time T = t′ − t
between an initial time t0 and a final time tf. The con-
ditional propagator for this window is given by
Wn(tf, t′, t, t0) = U(tf, t′)Un(t′, t)U(t, t0), (5)
where U = ∑nWn. Later in this Methods section, we
discuss how these conditional propagators can be used to
define a gated photon counting measurement.
B. Imperfections
We consider five main imperfections in the entangle-
ment generation process: (1) decoherence, (2) spectral
3diffusion, (3) photon loss, (4) phase errors, and (5) dark
counts. Solid-state systems may suffer from mechanisms
that degrade the spin coherence and the coherence of
emitted photons. These mechanisms are usually strongly
dependent on temperature [30, 31, 52]. These systems
can also experience spectral diffusion, which can inhibit
the indistinguishability of emitted photons [53–55]. In
addition, photon losses due to non-radiative pathways
or collection/transmission inefficiency can affect the pro-
tocol figures of merit; and in some cases, protocols can
moreover be susceptible to initialization and propagation
phase errors. Finally, the detectors may have a non-
negligible dark count rate [56].
Decoherence.—For each protocol, we consider that a
transition with decay rate γ is subject to a pure dephas-
ing rate γ? that degrades the coherence of photons emit-
ted by the system [32]. This dephasing is due to fluctua-
tions of the transition energy on a timescale much faster
than its decay rate, and it affects the indistinguishabil-
ity between photons emitted by the systems. We sep-
arate the decay rate of the transition into a radiative
component γr and a non-radiative component γnr so that
γ = γr+γnr. In addition, we consider that the spin qubits
experience incoherent spin flip excitation (decay) at the
rate γ+s = 1/T
+
1 (γ
−
s = 1/T
−
1 ) and a pure dephasing at
the rate χ? = 1/T ?2 for a total spin decoherence rate of
1/T2 = 1/T
?
2 + 1/2T
+
1 + 1/2T
−
1 .
Spectral diffusion.—In contrast to pure dephasing,
spectral diffusion is a fluctuation of the transition en-
ergy on a timescale much slower than its decay rate. In
many solid-state systems, this fluctuation can shift the
emitted photon frequency by more than its linewidth
[54, 55]. This degrades the mean wavepacket over-
lap of photons emitted by the same source at differ-
ent times [53–55]. Hence, this fluctuation also signifi-
cantly degrades interference between fields from different
sources. We account for spectral diffusion by averaging
entanglement figures of merit over a Gaussian distribu-
tion f(ωk − ωk, δk) = (δk
√
2pi)−1e−(ωk−ωk)
2/2δ2k for each
emitter frequency ωk with an average value of ωk and a
spectral diffusion standard deviation δk. For example,
for two systems, the entanglement fidelity F becomes∫∫
f(ω1 − ω1, δ1)f(ω2 − ω2, δ2)Fdω1dω2.
Photon loss.—Losses can occur due to non-radiative
transitions at a rate γnr. We also quantify the imper-
fect collection fraction ηc of emission and the fraction of
photons transmitted to the detectors by ηt. In addition,
we consider that each detector has a probability ηd of de-
tecting an incident photon. This detector inefficiency can
be applied during the measurement step. However, the
beam-splitter loss model used to describe detector ineffi-
ciency can be mapped to the identical model for transmis-
sion loss [57]. Thus, for convenience, we choose to sim-
ulate detector inefficiency as part of the conditional dy-
namics rather than the measurement itself. This allows
us to use the total efficiency parameter η = ηcηtηdγr/γ.
Phase errors.—Phase errors can arise when the indi-
vidual quantum systems are locally initialized and read
out using pulses from a source that does not maintain
phase stability over the duration of the protocol. We ac-
count for this by considering an initial phase ϕ when a
quantum system is initialized in a superposition state.
Phase errors can also arise when photons from each
source do not accumulate the same propagation phase
φ before interference. If these phases are unstable or left
uncorrected, then they may degrade the entanglement
fidelity. We account for phase errors by assuming that
the phase fluctuates between entanglement generation at-
tempts and then average the fidelity over a random phase
with a Gaussian distribution.
Dark counts.—A realistic detector may falsely indicate
the arrival of a photon or detect a photon that did not
originate from a desired emitter [56]. In our study, we
assume that each detector is gated for an interval Td
that begins at time td after the start of the protocol and
ends at time t′d = td + Td. We also assume that the
dark counts are classical noise described by a Poisson
distribution with a rate λ. Then for a given detector, the
probability that n dark counts have occurred during the
gate duration Td is given by ξn(Td, λ) = λ
nTnd e
−λTd/n!.
C. Measurement
For a gated detector operating at a distance Ld from
the emitter, the measurement depends on the state of
the system at the retarded time r(t) = t − Ld/c, where
c is the transmission speed of light. The gated detector
begins at time td where r(td) ≥ t0 and remains open for
duration Td = t
′
d − td = r(t′d) − r(td). The conditional
state ρˆn at time tf after a retarded detection window is
ρˆn(tf) =Wn(tf, r(t′d), r(td), t0)ρˆ(t0), (6)
where tf− t0 = Td +2Ld/c is the minimum protocol time
after a two-way classical communication.
LetM be the space of all measurement outcomes. Then
the system state after the outcome m ∈M of the field
state is communicated back to the system is
%ˆm(tf) =
∑
n∈NN0
P (m|n)ρˆn(tf), (7)
where P (m|n) is the probability for outcome m given
state ρˆn. Note that we distinguish between the condi-
tional state of the system ρˆn, where n denotes the true
photon distribution, and the state after the measurement
%ˆm, where m includes imperfections in the measurement
such as dark counts. Naturally, we also require that∑
m∈M P (m|n) = 1 for all n ∈ NN0 .
This approach is analogous to applying a positive-
operator valued measure (POVM) [58], with the excep-
tion that ρˆn is not computed via a projective measure-
ment onto the system space, but rather by a projective
photon number measurement of the state of the field at
the detector. In this sense, the conditional propagation
4superoperator for a detection window Wn can be related
to an effective projection superoperator Pn by
Pn(tf, t′d, td, t0)ρˆ(tf)= ρˆn(tf)=Wn(tf, t′d, td, t0)ρˆ(t0).
(8)
This effective projection superoperator depends on the
history of the system and the detection window times;
however, it is complete:∑
n∈NN0
Pn(tf, t′d, td, t0)ρˆ(tf) =
∑
n∈NN0
Wn(tf, t′d, td, t0)ρˆ(t0)
= U(tf, t0)ρˆ(t0) = ρˆ(tf),
(9)
hence
∑
n Pn = I and so we have
∑
m,n P (m|n)Pn = I.
Thus Fm =
∑
n P (m|n)Pn can be interpreted as the ef-
fective POVM element for the outcome m of the mea-
sured environment of the open quantum system and
%ˆm = Fmρˆ is the unnormalized state after the measure-
ment, which occurs with the probability ηm = Tr[%ˆm].
By assuming that the detectors are identical and in-
dependent, we simplify the conditional probability to
P (m|n) ≡ ∏Ni Pd(mi|ni). For fast photon-number-
resolving detectors (PNRDs) that can count all photons
arriving during the gate duration Td, we have M = NN0 .
Then Pd(m|n) is given by all possible combinations of
dark counts such that n can appear to be m:
PPNRD(m|n) =
∞∑
k=0
δm,k+nξk(Td, λ), (10)
where δ is the Kronecker delta and ξk characterizes the
dark count distribution. On the other hand, for a bin
detector (BD) that simply indicates the presence of one
or more photons arriving during the gate duration, then
M = ΣN is the set of binary vectors of length N and
Pd(m|n) is given by
PBD(m|n) =
∞∑
q=0
δm,sgn(q)PPNRD(q|n)
=δm,sgn(n)ξ0(Td, λ)+δm,1(1−ξ0(Td, λ)) ,
(11)
where sgn : N0 → Σ is the signum function.
The PNRD and BD models are appropriate for many
different detector types [56, 57]. For example, single-
photon avalanche photodiodes (APDs) and supercon-
ducting nanowire single-photon detectors (SNSPDs) [59]
can be modeled by BDs while transition edge sensors
(TESs) [60, 61] are considered as PNRDs [57].
D. Figures of merit
Entanglement generation.—After the protocol, the un-
normalized final state %ˆm conditioned on the measure-
ment outcome m is associated with the outcome prob-
ability ηm = Tr[%ˆm]. For a given measurement out-
come m, we denote the expected final pure state as
|ψm〉. Then the fidelity associated with outcome m is
Fm = 〈ψm| %ˆm |ψm〉 /ηm. Let A ⊂ M be the set of ac-
cepted measurement outcomes where m ∈ A indicates
the expected state |ψm〉. Then the total entanglement
generation efficiency is ηgen =
∑
m∈A ηm and the asso-
ciated average entanglement generation fidelity weighted
by outcome efficiency is Fgen =
∑
m∈A ηmFm/ηgen.
We can also compute the concurrence of the system
after projecting the total system onto a two-qubit sub-
system. The entanglement concurrence [62] is given by
Cm = max (0,
√
α1 −√α2 −√α3 −√α4) , (12)
where αi ≥ αi+1 is the ith eigenvalue of
(Is%ˆm)(Ys%ˆ∗m)/η2m. Here, Isρˆ = (Iˆs ⊗ Iˆs)ρˆ(Iˆs ⊗ Iˆs)
and Iˆs = σˆ
†σˆ + σˆσˆ†, where σˆ is the spin qubit lower-
ing operator; and Ysρˆ = (σˆy ⊗ σˆy)ρˆ(σˆy ⊗ σˆy), where
σˆy = i(σˆ−σˆ†) is the Pauli y operator. Then the weighted
average concurrence is Cgen =
∑
m∈A ηmCm/ηgen.
Individual quantum systems.—Two common quantities
used to characterize the performance of single-photon
quantum emitters are the total emission brightness βk =∫ t′d
td
〈aˆ†k(t)aˆk(t)〉 dt and the mean wavepacket overlap
Mk =
2
β2k
∫ t′d
td
∫ t′d
t
|〈aˆ†k(τ)aˆk(t)〉|2dτdt, (13)
where aˆk is the field operator of the collected mode
[32, 50, 63, 64]. The mean wavepacket overlap between
photons from a single source is derived from the Hong-
Ou-Mandel (HOM) interference [65] visibility VHOM =
1 − 2p11 where p11 is the normalized probability for a
coincident count. The more general mean wavepacket
overlap expression for photons from two different sources
can be derived using the methods of Ref. [50] as outlined
in the supplementary of Ref. [66]:
Mkl =
2
βkβl
∫ t′d
td
∫ t′d
t
Re
[
〈aˆ†k(τ)aˆk(t)〉
∗〈aˆ†l (τ)aˆl(t)〉
]
dτdt.
(14)
For finite excitation pulses, the emitter may also have
a non-negligible chance for re-excitation. This is charac-
terized by the integrated intensity correlation [64]
g
(2)
k =
2
β2k
∫ t′d
td
∫ t′d
t
〈aˆ†k(t)aˆ†k(τ)aˆk(τ)aˆk(t)〉 dτdt. (15)
However, for all the cases presented in this work, we as-
sume that excitation pulses are fast enough compared to
the timescale of other system dynamics so that g(2) ' 0.
Although it is beyond the scope of this paper, future work
should address the limits to entanglement generation fi-
delity due to non-zero g(2), as this is one factor currently
limiting the interference visibility for resonantly excited
single-photon sources [24, 66].
5E. Three-level systems
The Lindblad master equation for K independent
three-level systems (see figure 1a) in the Hilbert space
H is ρ˙ = Lρˆ where L ∈ (H ⊗ H)⊗K and L = ∑Kk L(k)k
is the shorthand summation in the tensor space of inde-
pendent superoperators Lk ∈ H⊗H given by
Lk =− iHk +
∑
j
γ−jkD(σˆj) + γ+jkD(σˆ†j )
+ 2γ?kD(σˆ†↑σˆ↑) +
χ?k
2
D(σˆz),
(16)
where we take ~ = 1, Hρˆ = [Hˆ, ρˆ], and D(σˆ)ρˆ = σˆρˆσˆ† −
{σˆ†σˆ, ρˆ}/2. The system operators are defined σˆ↑ = |↑〉〈e|,
σˆ↓ = |↓〉〈e|, σˆs = |↑〉〈↓|, and σˆz = |↑〉〈↑| − |↓〉〈↓|. The
rate γ−jk (γ
+
jk
) is the total incoherent decay (excitation)
rate across the transition associated with σˆj where j ∈
{↑, ↓, s}, γ?k is the optical pure dephasing rate, and χ?k
is the spin pure dephasing rate. The three-level system
Hamiltonian is Hˆk = ω↑k σˆ
†
↑σˆ↑ + ωsk σˆ
†
s σˆs where ω↑k is
the separation between |↑〉 and |e〉, ωsk is the separation
between |↑〉 and |↓〉.
F. Computational techniques
To solve the system dynamics, we make use of the
Fock-Liouville space representation of the master equa-
tion, d |ρ〉〉/dt = L˜ |ρ〉〉, where |ρ〉〉 is the vector repre-
sentation of the density operator ρˆ and L˜ is the matrix
representation of the superoperator L [67]. For a super-
operator of the form Aρˆ = ∑i AˆiρˆBˆi, where Aˆi and Bˆi
are operators acting on the total Hilbert space HK , the
matrix representation can be obtained using the relation
A˜ = ∑i Aˆi ⊗ BˆTi , where BˆTi is transpose of Bˆi.
The Fock-Liouville representation can also be used to
solve the evolution of the conditional state ρˆ0, the only
difference being that L0 does not preserve the trace of
ρˆ. If L0 is independent of time, then the correspond-
ing propagation superoperator can be computed in the
matrix representation using standard techniques to solve
U˜0(tf, t0) = e(tf−t0)L˜0 by diagonalization. The remaining
conditional propagators U˜n for n 6= 0 are then computed
by recursive application of equation (4).
In some cases, L˜0 can be analytically diagonalized, pro-
viding analytic solutions for the conditional propagation
superoperators. Otherwise, L˜0 can be numerically diag-
onalized for a fixed set of parameters resulting in U˜(tf, t0)
that is still analytic with respect to time. For smaller sys-
tems, such as those presented in this work, this approach
can drastically decrease the time needed to compute the
time dynamics by allowing equation (4) to be analytically
solved for an arbitrary detection interval. For larger or
time-dependent systems, numerical integration methods
such as Runge-Kutta could also be used.
Quantum system 1 Quantum system 2
BS
a.
b.
FIG. 1. Entangling pulsed L systems. (a) An L-type
system as used in protocols N and T; a ground state doublet
|↑〉 and |↓〉 with one optically excited state |e〉 that decays
back to its initial ground state |↑〉. (b) An diagram illustrating
the fields from each quantum system interfering at a central
beam splitter (BS) that has its output ports monitored by
single-photon detectors D1 and D2.
III. PROTOCOLS
We now apply the method outlined in the previous
section to analyze three different entanglement genera-
tion protocols. These three protocols rely on fast, pulsed,
resonant excitation of the quantum systems. Hence, the
properties of the emitted single photons are dominated by
the properties of the quantum system rather than by the
properties of the excitation pulses. Under this assump-
tion, to simplify the analysis we consider all preparation
and excitation pulses to be instantaneous perfect oper-
ations. However, we emphasize that the photon count
decomposition can be applied to any Markovian master
equation, including those with driving Hamiltonians and
complicated time-dependent parameters.
A. Spin-photon number entanglement (protocol N)
Consider the scheme where two spatially separated L-
type systems are entangled by heralding a single photon
emission after erasing the which-path information using
a beam splitter (see figure 1a). This scheme is similar to
the scheme used in the DLCZ repeater protocol to gener-
ate entanglement between spatially separated quantum
memories [2]. However, by using fast resonant pulses,
the quantum system requires only one optical transition.
This scheme generates spin-spin entanglement by using
spin-photon number entanglement [6]. For this reason,
we will denote it as protocol N. For this protocol, we
assume that the excited state |e〉 can only decay to spin
state |↑〉. That is, we assume that γ−↓k  γ−↑k = γk, where
k ∈ {1, 2} indexes the system.
Protocol description.—Each system is first prepared
in the state |↓〉. Then a microwave pulse resonant
with the |↓〉 ←→ |↑〉 transition with a pulse area of
2ϑ and phase ϕk brings the spin qubit to the state
cos(ϑ) |↓〉+ sin(ϑ)eiϕk |↑〉. After an optical pi-pulse is ap-
6plied to excite |↑〉, each system is left in a superposition of
ground and excited states. The excited state then decays
back to |↑〉 and the system emits a photon with a proba-
bility sin2(ϑ). By perfectly interfering the fields from two
quantum systems (see figure 1b), the which-path infor-
mation is erased and a single detection event will herald
one of the Bell states |ψ±〉 = (|↑↓〉 ± |↓↑〉)/√2.
To show protocol N in detail, consider the simpler case
where ϑ = pi/4 and ϕk = 0. Then the total state of the
quantum systems before decay is
|ψ(t0)〉 = 1
2
(|↓〉+ |e〉)1 ⊗ (|↓〉+ |e〉)2. (17)
After decay, |e〉 → |↑〉, each system is in a spin-photon
number entangled state |ψ〉k = (|↓〉 |0〉 + |↑〉 |1〉)k/
√
2,
where |0〉 is the vacuum state and |1〉 is the single photon
state of emission mode. After interfering photons |1〉1
and |1〉2 at a beam splitter, the state before detection is
1
2
(|↓↓〉 |00〉+ |ψ+〉 |01〉+ |ψ−〉 |10〉+ |↑↑〉 |ψ−2002〉)s,p ,
(18)
where |n1n2〉p is the state with n1 (n2) photons in the
mode of detector D1 (D2), |ψ±〉s =(|↑↓〉 ± |↓↑〉) /
√
2 are
spin Bell states, and |ψ−2002〉p = (|20〉−|02〉)/
√
2 is a two-
photon NOON state. Hence, a single photon at either
detector heralds a maximally entangled spin state with a
phase determined by which detector received the photon.
The maximum efficiency of the above scheme is 50%,
which is the Bell analyzer efficiency of a single beam split-
ter [57, 68]. However, any amount of photon loss will
cause infidelity due to states |20〉 and |02〉 contributing
to single-photon measurement outcomes. If ϑ is small
enough, then the probability for both quantum systems
to emit photons becomes much less than the probability
that only one system emits a photon. Thus, to combat in-
fidelity due to multi-photon events, the parameter ϑ can
be reduced to improve fidelity at the cost of efficiency [6].
This trade-off also improves the protocol fidelity for BD
type detectors.
Conditional states.—In the far field approximation, the
source field component collected from a quantum emitter
dipole is described by aˆk = σˆ↑k
√
ηckγrk [34, 50, 69]. Af-
ter transmission losses and a propagation phase we have
aˆk → aˆk√ηtke−iφk where φk = Lkω↑k/vp, Lk is the prop-
agation distance, and vp is the phase velocity. Then the
fields are interfered at a beam splitter so that the fields
dˆ1 and dˆ2 at detectors D1 and D2, respectively, are(
dˆ1
dˆ2
)
= Rˆ(θ)
(
aˆ1
√
ηt1e
−iφ1
aˆ2
√
ηt2e
−iφ2
)
, (19)
where Rˆ(θ) is the 2 × 2 rotation unitary matrix. Us-
ing a beam-splitter model for detector inefficiency, the
effective detected field is dˆi → dˆi√ηdi . In this case, the
collapse superoperators for the effective detected field at
the ith detector are Siρˆ = ηdi dˆiρˆdˆ†i , where to simplify
calculations we will take ηdi = ηd for each detector.
If we assume that the pulse Rabi frequency is much
faster than the rates of dissipation and decoherence, and
that the excitation pulses are resonant with the emit-
ters, then we can consider the initial state to be approxi-
mated by ρˆ(t0) = |ψ(t0)〉〈ψ(t0)|1 ⊗ |ψ(t0)〉〈ψ(t0)|2 where|ψ(t0)〉k = cos(ϑ) |↓〉+ sin(ϑ)eiϕk |e〉. Under these condi-
tions, the set of conditional states can also be truncated
to those n such that n1 +n2 ≤ 2 as a consequence of each
emitter only being able to emit up to a single photon.
The successful conditional states are associated with
the single-photon detection conditions n = (1, 0),
and (0, 1), which are given by their corresponding
conditional propagators Wn. For convenience, we
notate these vectors by 10, and 01, respectively.
For example, the outcome associated with |ψ+〉 is
ρˆ01(tf) =W01(tf, t′d, td, t0)ρˆ(t0) whereW01(tf, t′d, td, t0) =U(tf, t′d)U01(t′d, td)U(td, t0) and
U01(t′d, td) =
∫ t′d
td
U0(t′d, t)S2U0(t, td)dt. (20)
Likewise, the outcome ρˆ10 associated with |ψ−〉 is given
by W10, which is determined using equation (20) but
with S1 in place of S2. The states corresponding to the
remaining relevant conditions n = (2,0), (1,1), and (0,2)
are similarly obtained from equations (4) and (5).
Measurement duration.—The spin entanglement is
generated at the moment a single photon from one of the
emitters is detected by one of the two detectors. How-
ever, a subsequent detection of another photon will de-
stroy this entanglement [70]. As a consequence, unless
the probability for two-photon events is very small, the
detection duration must be long enough to ensure that
only one photon was emitted. Hence the fidelity can be
very low for small Td. On the other hand, for a detec-
tion window much longer than the lifetime, the fidelity
becomes limited by spin decoherence processes. Figure 2
shows the entanglement generation fidelity and efficiency
as the detection window duration is increased, illustrat-
ing the peak in fidelity when the duration is on the order
of the lifetime. To show this qualitative behaviour, we
have chosen parameters in the regime γ > γ?  χ? to
represent a solid-state system that could potentially serve
as a quantum communication node. The two-photon
probabilities for photon bunching and coincident counts
are also illustrated. Note that the coincident counts p11
are nonzero due to the optical pure dephasing that de-
grades the HOM interference [65] between photons from
different sources.
Under the condition where the systems experience neg-
ligible spin decoherence on the timescale of the lifetime
of the emitter, we can analytically solve the conditional
states as a function of detection window duration. This
can then be used to estimate simple figures of merit for
the quality of entanglement based only on the optical
properties of the emitters. These limits are illustrated
by the asymptotes of the dashed lines in figure 2. The
analytic solutions can also then be used to estimate the
7FIG. 2. Protocol N—time dynamics. Entanglement
generation fidelity Fgen and efficiency ηgen as a function of
protocol time tf for an initial state ρˆ(t0) = |ψ(t0)〉〈ψ(t0)|
where |ψ(t0)〉 = (1/2)(|↓〉+ |e〉)⊗2 and where there is no loss
and noiseless local photon-number resolving detectors. The
asymptotic dashed lines indicate the limits on fidelity Fop
and efficiency ηop reached when spin decoherence is neglected
and when the detection window encompasses the entire pho-
ton lifetime. The detection window is set to be equal to the
entire protocol duration: td = t0 = 0 and t
′
d = tf = Td.
The gray lines show the probabilities for no photon emis-
sion from either system p0 = Tr[ρˆ0] and for photon bunch-
ing p2 = p20 + p02 = Tr[ρˆ20 + ρˆ02]. The red line indicates
coincident counts p11 = Tr[ρˆ11] caused by imperfect HOM
interference. Parameters chosen: γk = γ, γ
?
k = 0.1γ, and
γ±sk = χ
?
k = 0.001γ for k ∈ {1, 2}.
fidelity under the effects of additional imperfections such
as spectral diffusion and noisy detectors using the meth-
ods outlined in Sec. II B and II C.
Suppose that the detection window begins at td such
that r(td) = t0 and ends at t
′
d such that r(t
′
d) = Td + t0.
Using the appropriate conditional propagators Wn, we
compute the final (unnormalized) spin-spin conditional
states in the rotating frame of the spin qubits after time
tf  1/γk. In this limit of time, neither quantum system
remains in |e〉.
The conditional spin state of the quantum systems
given that both detector modes do not contain a pho-
ton from an emitter is
ρˆ0 =
1
4
sin2(2ϑ)
(
(1− β1) |↑↓〉〈↑↓|+ (1− β2) |↓↑〉〈↓↑|
)
+ (1− β1)(1− β2) sin4(ϑ) |↑↑〉〈↑↑|+ cos4(ϑ) |↓↓〉〈↓↓| ,
(21)
where βk = ηdβk/γk = ηk
(
1− e−Tdγk) is the rate-
normalized brightness and ηk = ηdηtkηckγrk/γk is the
total single-photon efficiency of each quantum system.
The single-photon conditioned states of the quantum
system are
ρˆ±s =ρ
±
↑↑ |↑↑〉〈↑↑|+ ρ±↑↓ |↑↓〉〈↑↓|+ ρ±↓↑ |↓↑〉〈↓↑|
+
(
ρ±c |↓↑〉〈↑↓|+ H.c.
)
,
(22)
where
ρ±↑↑ =
1
2
(
β1+β2−2β1β2 ± (β1−β2) cos(2θ)
)
sin4(ϑ)
ρ±↓↑ =
β1
8
(1± cos(2θ)) sin2(2ϑ)
ρ±↑↓ =
β2
8
(1∓ cos(2θ)) sin2(2ϑ)
ρ±c = ±
C˜(Td)
8
√
η1η2 sin(2θ) sin
2(2ϑ)
C˜(Td) =
2
√
γ1γ2
Γ1 + Γ2 + 2i∆
(
1− e− 12Td(Γ1+Γ2+2i∆)
)
ei(ϕ+φ),
(23)
and where Γk = γk + 2γ
?
k is the FWHM of the emission
ZPL for system k, ∆ = ω↑1−ω↑2 is the spectral detuning,
ϕ = ϕ1 − ϕ2 is the relative initialization phase, and φ =
φ1−φ2 is the relative propagation phase. The sign of ρˆ±s
is given by which detector received the photon: ρˆ10 = ρˆ
−
s
and ρˆ01 = ρˆ
+
s . Note that ρ↓↓ = 0 because after either
system emits one photon, the system is guaranteed to
not be in |↓↓〉.
The individual two-photon conditioned states ρˆ20, ρˆ11,
and ρˆ02 are all proportional to |↑↑〉〈↑↑|, as expected.
However, their trace has a complicated dependency on
Td due to the HOM effect. Regardless, their sum can be
easily simplified to the intuitive result
ρˆ20 + ρˆ11 + ρˆ02 = β1β2 sin
4(ϑ) |↑↑〉〈↑↑| . (24)
Using all these conditional states, we can also verify that
ρˆ0 + ρˆ
+
s + ρˆ
−
s + ρˆ20 + ρˆ11 + ρˆ02 = sin
4(ϑ) |↑↑〉〈↑↑|
+ cos4(ϑ) |↓↓〉〈↓↓|+ 1
4
sin2(2ϑ) (|↑↓〉〈↑↓|+ |↓↑〉〈↓↑|)
(25)
is the solution ρˆ(t) of the total master equation in the
limit t 1/γk and when spin decoherence is neglected.
The states ρˆ±s correspond to the expected Bell states
|ψ±〉 and so the average entanglement fidelity is
Fgen =
1
ηgen
(〈ψ+| %ˆ+s |ψ+〉+ 〈ψ−| %ˆ−s |ψ−〉) , (26)
where ηgen = Tr [%ˆ
+
s ] + Tr [%ˆ
−
s ] is the entanglement gen-
eration efficiency and %ˆ±s is the state after measurement
computed from the conditional state ρˆ±s .
Optical limits.—Suppose that the interference is bal-
anced so that θ = pi/4 and η1 = η2 = η. Also, suppose
that the protocol is phase corrected so that ϕ + φ = 0
(see section IV B for a discussion on phase errors). Then
in the limit that Td  1/γk we have β1 → η, β2 → η,
and
C˜ → 2
√
γ1γ2
Γ1 + Γ2 + 2i∆
. (27)
If we also assume that the measurement is performed by
ideal noiseless PNRDs, then %ˆ±s = ρˆ
±
s and under these
conditions—which we refer to as the optical limit—the
8corresponding entanglement generation fidelity Fop gives
an estimate of the fidelity determined only by the optical
properties of the emitters. In principle, this bound could
be exceeded using spectral or temporal post selection of
photons, consequently sacrificing efficiency.
In the optical limit, the fidelity for protocol N becomes
Fop =
1
2
(
1 + Re(C˜)
)
Fη(ϑ) (28)
with concurrence Cop = |C˜|Fη(ϑ), where the loss com-
pensation factor is Fη(ϑ) = cos
2(ϑ)/(1−η sin2(ϑ)). The
efficiency becomes ηop = (η/2) sin
2(2ϑ)/Fη(ϑ) and the
two-photon conditioned states reduce to
ρˆ20 = ρˆ20 =
1
4
(1 +M12) η
2 sin4(ϑ) |↑↑〉〈↑↑|
ρˆ11 =
1
2
(1−M12) η2 sin4(ϑ) |↑↑〉〈↑↑| ,
(29)
where
M12 = Mγ
(Γ1 + Γ2)(γ1 + γ2)
(Γ1 + Γ2)2 + 4∆2
≤
√
M1M2, (30)
is the mean wavepacket overlap, Mk = γk/Γk is the in-
dividual system indistinguishability from equation (13),
and Mγ = 4γ1γ2/(γ1 +γ2)
2 ≥M12 quantifies the tempo-
ral profile mismatch. We emphasize that equation (29)
and M12 in equation (30) were solved using the meth-
ods of Sec. II A and not using equation (14). However,
we have verified that solving equation (14) indeed gives
the same result as equation (30), which confirms that the
photon statistics of the HOM interference are indepen-
dent of whether the calculation is performed from the
perspective of the emitter or the field.
For a given Fη(ϑ), the fidelity and concurrence are lim-
ited by the spectral and temporal properties of the indi-
vidual emitters. In particular, we can identify that C2op ≤
M12F
2
η (ϑ). Hence for protocol N, the square root of
the mean wavepacket overlap M12 gives an upper bound
on the entanglement generation concurrence, which itself
can be used to determine an upper bound on the entan-
glement generation fidelity by Fop ≤
(
1 +
√
M12
)
Fη(ϑ).
On the other hand, we have that Re(C˜) = M12/
√
Mγ ≥
M12. Hence the optical limit of fidelity Fop for protocol
N is bounded by
1
2
(1 +M12) ≤ Fop
Fη(ϑ)
≤ 1
2
(
1 +
√
M12
)
. (31)
Detector noise and number resolution.—The entangled
spin-spin state after a single-photon measurement by a
PNRD with non-negligible noise is %ˆ±s = ξ
2
0 ρˆ
±
s + ξ0ξ1ρˆ0,
where ξn(Td, λ) is the probability to have n dark counts
within the detection window Td. For Td  1/γk, we can
write
Fgen =
1
ηgen
(
ξ20Fopηop +
1
2
ξ0ξ1(1− η) sin2(2ϑ)
)
, (32)
where
ηgen = ξ
2
0ηop + 2ξ0ξ1
(
1− η sin2(ϑ))2 (33)
is the total efficiency. For a measurement by a BD, the
state after heralding is given by
%ˆ−s = ξ0(ρˆ
−
s + ρˆ20) + ξ0(1− ξ0)ρˆ0
%ˆ+s = ξ0(ρˆ
+
s + ρˆ02) + ξ0(1− ξ0)ρˆ0,
(34)
which can be used to compute the fidelity and efficiency
in the same way as for the PNRD case.
In the absence of detector noise and for a given η, Fop
can be maximized by increasing Fη arbitrarily close to
1 by taking ϑ → 0 and sacrificing efficiency. However,
detector noise places an additional constraint on the fi-
delity due to the presence of a finite noise floor. This
gives rise to an optimal ϑ 6= 0 that maximizes fidelity.
In the regime where 1 − ξ0 ' ξ1  η, we find that
equation (32) for the PNRD case is maximized when
ϑ ' [ξ1/(η(1 − η))]1/4. Note that this estimate is also
only accurate for η < ξ0 ' 1 as evidently ϑ = pi/4 is
the optimal choice for η = 1 when using a PNRD. As for
the BD case, the optimal ϑ depends on M12 due to the
contribution from two-photon events. For M12 ' 1 we
use the conditional states in equation (34) to find that
ϑ ' [2ξ1/(η(2 − η))]1/4 maximizes the fidelity. When
η = 1 this optimal choice becomes ϑ ' (2ξ1)1/4. In the
regime of quantum communication where η  1, two-
photon detections are suppressed due to losses and so
the PNRD and BD models give equivalent results.
B. Spin-time bin entanglement (protocol T)
For the second protocol (denoted by T), which uses
spin-time bin entanglement, we focus on the extension of
protocol N where two successive photons herald entan-
glement between L-type systems (see figure 1). This pro-
tocol is also referred to as the Barrett-Kok scheme [13],
which was utilized to demonstrate the first loophole-free
Bell inequality violation [25].
Protocol description.—Each system is first prepared in
the maximal superposition state (|↑〉 + |↓〉)/√2. Then
a resonant pi pulse excites the |↑〉 states at t0, giving
equation (17). Following protocol N, we could obtain the
entangled state |ψ±〉 by post-selecting on a single pho-
ton. However, to eliminate the infidelity caused by both
systems emitting photons after the first pulse, we can
flip the spin state of both systems and re-excite |↑〉 some
time tx− t0 after the first pulse. If the quantum systems
emit only one photon either before or after the second
pulse, then they are each in a spin-time bin entangled
state |ψ〉k = (|↓〉 |early〉 + |↑〉 |late〉)/
√
2, where |early〉
and |late〉 represent the presence of a photon in the early
and late time bin modes, respectively. The joint state
|ψ〉1 ⊗ |ψ〉2 can be written in the Bell basis of the spin
9and photon states
1
2
(|ψ+〉 |ψ+〉 − |ψ−〉 |ψ−〉+ |φ+〉 |φ+〉 − |φ−〉 |φ−〉)
s,p
,
(35)
where |ψ±〉s is as before and |φ±〉s = 1√2 (|↑↑〉 ± |↓↓〉).
The Bell states |ψ±〉p and |φ±〉p are similarly defined
using time bin states |early〉 and |late〉. Interfering the
joint state at a beam splitter performs a partial Bell-state
measurement (BSM), allowing the identification of |ψ+〉p
and |ψ−〉p from |φ±〉p. This projects the spin state onto
either |ψ+〉s or |ψ−〉s with a 50% total probability.
In the absence of spin-flipping decoherence, and with
perfect spin-flipping operations, neither quantum sys-
tem can emit a photon in both the early and late time
bins. Thus, when neglecting detector dark counts, the en-
tanglement fidelity is independent of photon losses and
the protocol does not suffer from an inherent efficiency-
fidelity trade-off. The ramification is that a photon from
each emitter must be transmitted to the beam splitter,
which reduces the overall protocol efficiency.
Conditional states.— Let X (t′x, tx) be the superopera-
tor propagator that performs a spin-flip and re-excitation
of both systems beginning at time tx and concluding
at time t′x. The conditional state ρˆnl,ne given photon
counts ne in the early detection window and nl in the
late detection window is ρˆnl,ne = WnlXWne ρˆ, where
ρˆ is the state after the first excitation and Wnl (Wne)
is the conditional propagator for the late (early) time
bin detection window dependent on the time ordering
Wnl(tf, r(t′l), r(tl), t′x) (Wne(tx, r(t′e), r(te), t0)). The de-
tector window duration for the early and late bins are
Te = t
′
e − te and Tl = t′l − tl, respectively.
There are four measurement outcomes that may indi-
cate successful entanglement: {nl,ne} = {(1, 0), (1, 0)},
{(1, 0), (0, 1)}, {(0, 1), (1, 0)}, and {(0, 1), (0, 1)}. For no-
tation convenience, we concatenate the sets of vectors.
For example, ρˆ(1,0),(0,1) = ρˆ1001. The conditional states
are then given by the appropriate conditional propaga-
tors Wn. Using the case 1001 as an example, we have
ρˆ1001 = W10XW01ρˆ, where W10 and W01 are the same
as in protocol N. The remaining conditional states can
be similarly expressed in terms of U0, S, and X superop-
erators, although for brevity we do not display them.
Measurement duration.—For protocol T, there are two
detection windows beginning at te and tl with duration Te
and Tl, respectively. Suppose that the detection window
is continuous between the pulses. Then we have te = t0,
t′e = tx. Also, if the spin-flip and re-excitation is much
faster than other system dynamics so that t′x − tx ' 0,
then we have t′e = tl = tx. To simplify the problem,
we also make the time bins equal in duration so that
Te = Tl = Td.
If the detection windows do not encompass the entire
photon lifetime, then a high fidelity can be attained be-
cause after heralding by two-photon events, both systems
will be in the ground state with a high probability. When
this is the case, the detection window post selects photons
FIG. 3. Protocol T—time dynamics. Entanglement
generation fidelity Fgen and efficiency ηgen as a function of
protocol time tf for an initial state ρˆ(t0) = |ψ(t0)〉〈ψ(t0)|
where |ψ(t0)〉 = (1/2)(|↓〉 + |e〉)⊗2 and where there is no
loss and noiseless local photon-number resolving detectors.
The asymptotic dashed lines indicate the limits of fidelity Fop
and efficiency ηop reached when spin decoherence is neglected.
The detection window for each time bin is set to be equal to
half the protocol duration, which begins after the first sys-
tem excitation: td = t0 = 0, t
′
d = tx = Td, and tf = 2Td.
The gray lines show the probabilities for no photon emission
from either system p0, for single photon detection events p1,
and for photon bunching events p2. The red solid line shows
coincident counts p11 caused by imperfect HOM interference
and the red dashed line indicates the probability pn≥3 for 3
or more photons to be emitted as a consequence of spin re-
laxation between the pulses. Parameters chosen: γk = γ,
γ?k = 0.1γ, and γ
±
sk = χ
?
k = 0.001γ for k ∈ {1, 2}.
that were emitted early compared to the total lifetime
(see figure 3). This demonstrates how fast detector gate
times can potentially purify photon indistinguishability
and increase the overall spin-spin entanglement fidelity.
Consequently, the efficiency in this regime is very low.
Note that this type of temporal post selection can also
be applied to protocol N provided that ϑ is very small.
When the time bin duration is on the order of the
emission lifetime, the fidelity briefly plateaus at the opti-
cal limit where non-zero coincidence counts p11 indicate
imperfect interference. In this regime, the efficiency ap-
proaches the ideal Bell-analyzer efficiency of 50%. How-
ever, if the duration is much longer than the optical life-
time, then spin flips occurring between the excitation
pulses increase the probability to have three or more pho-
tons emitted during the protocol, which reduces the effi-
ciency and fidelity to their thermal limits of 0.25.
For brevity we do not show the full conditional state
solutions for protocol T. However, due to the symmetry
of this protocol and its close relationship with protocol N,
the fidelity for θ = pi/4 when neglecting spin decoherence
and detector noise takes the simple form
Fgen =
1
2
(
1 +
η1η2
2ηgen
|C˜(Td)|2
)
, (36)
where ηgen = β1β2/2 is the efficiency, C˜(Td) is given by
equation (23), and βk is the same as in protocol N. This
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expression accounts for optical pure dephasing through
C˜(Td) and can also be averaged for a fluctuating detuning
∆ to capture spectral diffusion.
Optical limits.—In the limit that Td  1/γk we have
βk → ηk and C˜ again reduces to equation (27). Then
the optical limits of efficiency and fidelity are ηop = η
2/2
and Fop = (1 + |C˜|2)/2, respectively, for ηk = η. The
corresponding concurrence is simply Cop = |C˜|2.
As with protocol N, the fidelity and concurrence can
be related to the mean wavepacket overlap M12 by noting
Cop = M12
(
γ1 + γ2
Γ1 + Γ2
)
≤M12. (37)
On the other hand, it can be shown that Fop ≥ M12.
Hence the optical limit of fidelity for T is bounded by
M12 ≤ Fop ≤ 1
2
(1 +M12) . (38)
We note that the upper bound result presented here has
also been derived in the supplementary of reference [24]
using arguments from interference visibility.
Detector noise and number resolution.—Because of de-
tector dark counts, it is possible that zero or single-
photon conditioned states appear to give successful mea-
surements. After taking detector noise into consideration
with PNRDs as described in subsection II C we have, for
example,
%ˆ1001 = ξ
4
0 ρˆ1001 + ξ
3
0ξ1 (ρˆ1000+ρˆ0001) + ξ
2
0ξ
2
1 ρˆ0. (39)
In the absence of detector noise, only conditional states
corresponding to three or more total detected photons
will cause infidelity when using BDs with protocol T.
This only occurs if the probability for a spin flip in be-
tween the pulses is non-negligible and photon loss is not
too low. Conditional states where two photons arrive at
one detector can combine with a single dark count at
another detector to cause infidelity. However, for rea-
sonably high photon losses or a reasonably low spin flip
probability, both of these contributions to infidelity are
negligible compared to other sources. Hence, equation
(39) also well-approximates the measured state for BDs
in this regime. This illustrates the robustness of protocol
T against losses.
C. Spin-polarization entanglement (protocol P)
We now look at the third protocol (denoted by P),
which is based on spin-spin entanglement generation via
spin-polarization entanglement. For this scheme, we an-
alyze a Λ-type system where a single excited state |e〉 can
decay to either |↑〉 or |↓〉, emitting photons of orthogonal
polarization depending on the transition (see figure 4).
Protocol description.— Initially, we prepare each of the
quantum systems in one of the two ground states. Then,
L R
Quantum system 1 Quantum system 2
BS
PBS PBS
a.
b.
FIG. 4. Entangling pulsed Λ systems. (a) A Λ-type
system as used in protocol P; an excited state |e〉 can decay
to either ground state |↑〉 or |↓〉. (b) Entanglement generation
via a polarization Bell-state measurement. Placing λ/2 and
λ/4 waveplates before each PBS can control the measurement
basis.
using a short pi-pulse, each system is brought to the ex-
cited state. This excited state will then decay to one of
the ground states while emitting a photon.
To illustrate this more clearly, suppose the probability
is equal to decay to either ground state. Then the state
of the qubit and the emitted photon for each system is
|ψ〉k = 1√2 (|↑〉 |L〉+ |↓〉 |R〉), where |L〉 and |R〉 denote the
left and right circular polarization modes of the photon.
The joint state of both systems can then be written in
the Bell basis for the spin and photon as equation (35),
where the polarization modes replace the time bin modes
of protocol T.
To perform a BSM, we require a beam splitter (BS)
and a polarizing beam splitter (PBS) at each output
port of the BS. Then, we place detectors L1 and R1 (L2
and R2) on the left (right) output port of the BS, as
shown in figure 4. For |ψ+〉p (|ψ−〉p) photon bunching
(anti-bunching) happens on the BS. Therefore, consider-
ing a perfect interference of the fields, a coincidence in
detectors (L1, R1) or (L2, R2) will project the photon
state onto the entangled state |ψ+〉p and a coincidence
in detectors (L1, R2) or (L2, R1) results in the entangled
state |ψ−〉p [71]. This projects the state of the qubits
onto the corresponding spin Bell state. As in protocol
T, this setup is not able to distinguish |φ+〉p and |φ−〉p
since photon bunching happens for both of these cases.
However, with the addition of a source of local auxiliary
polarization-entangled photon states, the Bell analyzer
success rate could be increased to 75% [57, 72].
Conditional states.—We can describe the source field
collected from each transition by aˆ↑k = σˆ↑k
√
ηckγr↑k and
aˆ↓k = σˆ↓k
√
ηckγr↓k where k denotes the quantum system
1 and 2 and r indicates the radiative decay rate. Consid-
ering the transmission loss and the beam splitter, we can
compute the L-polarized fields (dˆ1, dˆ2) at detectors L1
and L2 and the R-polarized fields (dˆ3, dˆ4) at detectors
R1 and R2 using equation (19). The associated collapse
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superoperators are then Siρˆ = ηddˆiρˆdˆ†i .
Similar to protocol T, the conditions for a successful
protocol are n = (1, 0, 1, 0), (1, 0, 0, 1), (0, 1, 1, 0), and
(0, 1, 0, 1) where the vectors notate the photon count at
the detectors in the order (L1, L2, R1, R2). Like with
the previous protocol, we simplify the notation by con-
catenating the vector elements. In contrast to protocol
T, the conditional states for protocol P are true two-
photon events rather than sequential one-photon events.
These two-photon conditioned states are computed from
their corresponding two-photon conditioned propagators.
For example, ρˆ1001(tf) = W1001(tf, t′d, td, t0)ρˆ(t0) whereW1001 = U(tf, t′d)U1001(t′d, td)U(td, t0) is computed using
U1001(t′d, td)=
∫ t′d
td
∫ t′′
td
U0(t′d,t′′)S1U0(t′′,t′)S4U0(t′, td)dt′dt′′
+
∫ t′d
td
∫ t′′
td
U0(t′d,t′′)S4U0(t′′,t′)S1U0(t′, td)dt′dt′′.
(40)
Note that by how we defined a photon counting measure-
ment in this work, we are not tracking the arrival time
within the detection window. Thus U1001 does not dis-
criminate between the cases where L1 clicks before R2
and cases where R2 clicks before L1. This is illustrated
in equation (40) as a consequence of the summation in
equation (4). Such a restriction could be lifted if the
detectors have sufficient time resolution capabilities.
Measurement duration.— The time dynamics of pro-
tocol P shows features in common with both protocols
N and T. Like T, it is a two-photon scheme and so the
fidelity is high for small Td compared to the system op-
tical lifetimes 1/γk. However, like N, P only requires a
single excitation of each system. Thus the efficiency is
unaffected by spin flip processes when Td is much larger
than the lifetime (see figure 5).
Although it is possible to derive analytic expressions
for protocol P for arbitrary measurement duration when
neglecting spin decoherence, they do not provide new
physical insight. For brevity, we only show analytic re-
sults in the optical limit to compare with protocols N and
T.
Optical limits.— Consider the case where spin decoher-
ence is negligible, the measurement window encompasses
the lifetime Td  1/γjk , and the interference is balanced
so that θ = pi/4 and ηjk = η for j ∈ {↑, ↓} and k ∈ {1, 2}.
Then the entanglement generation efficiency is given by
ηop = η
2/2 and the fidelity becomes
Fop =
1
2
(
1 + Re
(
C˜∗↑ C˜↓
M˜γ?
))
, (41)
where
C˜j =
2
√
γ1γ2
Γ1 + Γ2 + 2i∆j
M˜γ? =
γ1 + γ2 − i(∆↑ −∆↓)
Γ1 + Γ2 − i(∆↑ −∆↓) ,
(42)
FIG. 5. Protocol P—time dynamics. Entanglement gen-
eration fidelity Fgen and efficiency ηgen as a function of pro-
tocol time tf for an initial state ρˆ(t0) = |ee〉〈ee| when there
is no loss and noiseless local photon-number resolving detec-
tors. The asymptotic dashed lines indicated the limits of fi-
delity Fop and efficiency ηop reached when spin decoherence
is neglected and when the detection window encompasses the
entire photon lifetime. The detection window is set to be
equal to the entire protocol duration: td = t0 = 0 and
t′d = tf = Td. The gray lines show the probabilities for no pho-
ton emission from either system p0, for single-photon events
p1 where only one photon is detected, and for photon bunch-
ing where two photons arrive at one detector p2. The red line
indicates the probability for coincident counts p11 caused by
imperfect HOM interference. Parameters chosen: γjk = γ/2
for j ∈ {↑, ↓} and k ∈ {1, 2} so that γk = γ↑k + γ↓k = γ,
γ?k = 0.1γ; and γ
±
sk = χ
?
k = 0.001γ.
and where γk = γ↑k + γ↓k is the total decay rate of the
kth system, Γk = γk + 2γ
?
k is the total optical decoher-
ence rate, ∆↑ and ∆↓ are the optical detunings between
the left and right circularly polarized transitions (respec-
tively) of the systems. Similar to protocols N and T,
the factor C˜j quantifies the coherence for the which-path
erasure of photons from the j transitions at the beam
splitter, which depends only on the total decay rates rel-
ative to the detuning and dephasing. We attribute the
factor 1/M˜γ? to the gain in fidelity due to the systems
being initialized in the excited state, compared to pro-
tocols N and T where the systems are initialized in a
superposition state and are directly affected by optical
pure dephasing.
The fidelity is bounded from above by the mean
wavepacket overlaps M12↑ and M12↓ of photons from
each transition: Fop ≤ (1 +
√
M12↑M12↓)/2. Interest-
ingly, this inequality can be saturated if ∆↑ − ∆↓ is
much smaller than γ1 + γ2, implying that the systems
have nearly identical spin splittings compared to the
system decay rate γk. Then we have C˜↑ ' C˜↓ and
M˜γ? ' (γ1 + γ2)/(Γ1 + Γ2). In this case, the fidelity
becomes Fop = (1 +M12)/2 where ∆ = ∆↑ = ∆↓.
We note that the fidelity of protocol P does not de-
pend on the ratio of the decay rates to each ground state.
Rather, it only depends on the total decay rate γk of
each system, which dictates the photon temporal profile.
However, it is still necessary to balance the input inten-
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sity at the beam splitter, which may require artificially
reducing ηjk if some transitions are brighter than others,
consequently reducing η and the overall efficiency.
Detector noise and number resolution.— Because pro-
tocol P is a two-photon heralded scheme, it behaves al-
most identically to protocol T in terms of robustness
against photon loss and detector noise. This means that
the final measured states %ˆn can be determined using
the form of equation (39). However, unlike protocol T,
protocol P is quite robust against non-number resolving
detectors even when spin flips occur on the order of the
emission timescale. This is because spin flips cannot di-
rectly affect the photon statistics of protocol P and so the
chance to have more than 1 photon arriving at a given
detector remains very small.
IV. DISCUSSION
In this section, we compile the results for each protocol
and compare their optical limits of fidelity with respect
to each other and the mean wavepacket overlap. We also
show the performance of each protocol when including
photon loss, detector noise, and spin decoherence.
A. Optical limits
In section III A, the maximum fidelity achievable for
the spin-photon number entanglement scheme (protocol
N) in the limit that Td  1/γk, Fη(ϑ)→ 1, and ϕ+φ = 0
was found to be FN = (1 + Re(C˜))/2 corresponding to
a concurrence CN = |C˜|. The fidelity in section III B
for the scheme using time-bin entanglement (protocol T)
was found to be FT = (1 + |C˜|2)/2 corresponding to a
concurrence CT = C
2
N. In section III C, we found the
fidelity for the spin-polarization entanglement generation
scheme (protocol P) to be FP = (1 +M12)/2 when ∆↑ '
∆↓. The corresponding concurrence is CP = M12, where
M12 is the mean wavepacket overlap of photons from each
source.
Knowing that |C˜|2 ≤ M12 (see section III B) but also
|C˜| ≥ Re(C˜) ≥ M12 (see section III A), we find that
CT ≤ CP ≤ CN. In addition, we have that the order
is the same for the fidelity as well: FT ≤ FP ≤ FN.
Furthermore, since FN ≤ (1 +
√
M12)/2 and FT ≥ M12,
the optical limits of fidelity for all three protocols are
bounded by
M12 ≤ FT ≤ FP ≤ FN ≤ 1
2
(
1 +
√
M12
)
. (43)
From figure 6, we can see that protocols N and T have
parallel behaviour in terms of dephasing and temporal
overlap due to the fact that T can be seen as two appli-
cations of N. However, protocol P is implemented with
a single pulse on each system like N but it is still a two-
photon scheme like T. Hence it matches the fidelity of N
or T in different scenarios.
FIG. 6. Protocol comparison—optical limits. Fidelity in
the optical limit Fop for each protocol as affected by emitter
temporal profile mismatch γ2/γ1, pure dephasing γ
?, spec-
tral detuning ∆, and spectral diffusion standard deviation δ.
These limits are attained when the detection window encom-
passes the entire photon lifetime and when spin decoherence
and loss are negligible. The long dashed blue line represents
the fidelity limit for protocol N when Fη → 1, the short dashed
orange line represents protocol T, and the solid red line rep-
resents protocol P. The thin red lines and shaded region rep-
resent values bounded by the mean wavepacket overlap M12
of photons from each source: M12 ≤ Fop ≤ (1 +
√
M12)/2.
The labeling and order of all lines are the same across all four
panels. The thin vertical gray lines in each plot show the
fixed values used for each of the other plots. Parameters used
unless otherwise stated: γ2 = 0.85γ1, γ
?
1 = γ
?
2 = 0.002γ1,
∆ = 0, and δ = 0.02γ1. For protocol P, we also assume that
∆↑ = ∆↓ = ∆.
The dominance of protocol N in the ideal case is ex-
pected because the two-photon schemes can naively be
seen as two single-photon schemes applied back-to-back,
which would compound the infidelity. Because of this, it
is tempting to believe that protocol N would then also be
less susceptible to spectral diffusion. However, protocols
T and P have a symmetry advantage that protocol N does
not have. In protocol T, the fact that the second photon
must come from the opposite side of the beam splitter
causes an opposing phase rotation on the entangled spin
state. These two phases cancel, leaving only a reduc-
tion in the magnitude of the coherence due to nonzero
∆ rather than both a reduction and a phase rotation as
seen in protocol N. This is illustrated in equation (36)
where the fidelity depends on |C˜|2 rather than Re(C˜)2.
A similar symmetry occurs for protocol P, however, the
detuning phase is only fully eliminated if ∆↑ = ∆↓. Be-
cause of these symmetry advantages, a sufficient amount
of spectral detuning or spectral diffusion eliminates the
fidelity advantage that the single-photon scheme had over
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the two-photon protocols (see figure 6).
B. Phase errors
Let us now discuss the impact of the relative initializa-
tion phase ϕ = ϕ1−ϕ2 and propagation phase φ = φ1−φ2
errors. The initialization phase ϕk for each quantum sys-
tem can independently fluctuate over time causing sig-
nificant phase errors if the two quantum systems do not
share a phase reference. In addition, it may be neces-
sary to stabilize or correct the propagation phase φ by
monitoring the phase fluctuations of the communication
channel [73, 74]. Since the propagation phase depends on
distance, this propagation phase fluctuation can become
severe for large entanglement generation distances.
As discussed in the previous section, protocols T and P
have a symmetry advantage over protocol N for the spec-
tral detuning phase. This advantage extends to propa-
gation phase errors and other possible local phase errors
such as initialization phase and the relative precession of
the two spin qubits. On the other hand, the upper bound
on fidelity for protocol N can be severely degraded by any
phase error φ becoming (1/2)(1+Re(C˜eiφ)). If this phase
fluctuates in a Gaussian distribution [73] centered around
φ = 0 with a standard deviation of σφ, then the fidelity
reduces to FN = (1/2)(1+Re(C˜)e
−σ2φ/2) where, as in the
previous section, we have assumed Fη → 1.
For a large enough phase fluctuation σφ, protocol N
loses its fidelity advantage over the other two protocols
(see figure 7). We find that the value for the variance σ2φ
where FN ≤ FT is σ2φ ≥ ln((Γ1 +Γ2)2/(4γ1γ2)). Likewise,
for FN ≤ FP we would need σ2φ ≥ ln((γ1 + γ2)2/(4γ1γ2)).
Although protocols T and P are very robust against
phase errors, they can still be affected under some con-
ditions. If the phase fluctuation occurs on a timescale
faster than the separation between pulses for protocol T,
then FT can be degraded. This could be accounted for
in our method by adding different phases for the second
detection window when computing the conditional prop-
agators. In addition, significant birefringence in proto-
col P, quantified by ωsk , can cause a small degradation
of FP due to propagation phase errors. However, since
ωsk  ωk, this effect is orders of magnitude smaller than
the degradation experienced by protocol N.
C. Loss and distance
In this section, we compare the fidelity and efficiency
of all three protocols while taking into account all imper-
fections aside from spectral diffusion and phase errors,
which were discussed in the previous subsections.
When including losses and detector noise, the two-
photon protocols distinguish themselves significantly
from the single-photon protocol. Although less flexible,
T and P are more robust in terms of fidelity than N (see
FIG. 7. Protocol comparison—phase errors. The re-
duction in entanglement generation fidelity of protocol N as
compared to phase-robust protocols T and P for a phase error
φ fluctuating in a Gaussian distribution around φ = 0 with a
standard deviation of σφ. For this comparison, we are neglect-
ing spin decoherence, spectral diffusion, detector dark counts,
and detector number resolving limitations. Other parameters
used: γ2 = 0.85γ1, γ
?
1 = γ
?
2 = 0.002γ1, and ∆ = 0.02γ1. We
also assume that Fη → 1 for protocol N and that ∆↑ = ∆↓
for protocol P.
figure 8a). However, using PNRDs, N can exceed T and P
in terms of fidelity in the regime of distributed quantum
computing (DQC) where infidelity may be dominated by
optical imperfections. It can also exceed T and P in terms
of efficiency in the loss regime of quantum communica-
tion (QComm). This latter advantage can come at a
significant cost to fidelity if there is significant detector
noise, even after optimizing ϑ to minimize the infidelity
caused by both systems emitting a photon.
To simulate each protocol’s performance over distance,
it is necessary take the classical communication time into
account as shown in equation (6), such that the measure-
ment takes place at the retarded time r(t) = t − L/2c,
where L = 2Ld is the total distance between the sys-
tems. The final protocol time also cannot be less than
tf = NwTd + L/c, where Nw is the number of detection
windows; Nw = 1 for N and P, Nw = 2 for T. This delay
caused by the classical communication time can cause a
degradation of the entanglement generation fidelity due
to spin decoherence.
To compare the protocols, we have selected a set of
parameters that best illustrate their differences while also
remaining relevant to realistic systems. We have chosen
an optical lifetime of 10 ns, with a spin T±1 time of 20
ms and a spin T ?2 of 10 ms typical of a nitrogen-vacancy
center in diamond [24, 30]. However, we have chosen an
optimistic pure dephasing rate of 0.2 MHz corresponding
to nearly Fourier-transform limited lines, which for many
systems would likely require some cavity enhancement or
spectral filtering to achieve. In figure 8b, we set η0 =
0.999 for L = 0 to illustrate the distance-limited values.
In practice, η0 is much lower due to other inefficiencies
such as collection losses. This may include filtering losses
as a consequence of suppressing the excitation laser or
phonon sideband emission.
Some differences in fidelity between the protocols seen
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(a) (b)
QComm.︷ ︸︸ ︷ DQC︷ ︸︸ ︷ OpticallyLimited︷ ︸︸ ︷ SpinLimited︷ ︸︸ ︷ NoiseLimited︷ ︸︸ ︷
FIG. 8. Protocol comparison—loss and distance. (a) A split-scale plot of the fidelity Fgen and efficiency ηgen as a
function of total single-photon efficiency η for entanglement generation via spin-photon number entanglement (N), spin-time
bin entanglement (T), and spin-polarization entanglement (P) using local detectors with a finite detector dark count probability
of 1 − ξ0 = 10−5 per detection window of duration Td. (b) The effect of distance L between the quantum systems on the
fidelity and efficiency for each protocol in panel (a) when taking into account spin decoherence in addition to photon loss and
detector noise. An increased distance affects both the total protocol duration tf = NwTd +L/c and the single-photon efficiency
η = η010
−L/2Latt , where c = 2 × 108 m/s is the speed of transmission in the fibre, Nw = 1 for N and P, Nw = 2 for T, and
Latt = 22 km is the fibre attenuation length. (a, b) The dotted blue line represents the protocol N using non-number resolving
detectors (BD) and with a fixed ϑ = pi/8, corresponding to a probability of 1/4 for a source to emit a photon. The long-dashed
blue line indicated by N′ illustrates the noise-limited maximum possible fidelity for N using photon-number resolving detectors
(PNRD). The top panel shows the corresponding numerically optimized ϑ and the solid light blue line indicates the analytic
approximation for the PNRD model: ϑ4 = (1− ξ0)/(η(1− η)). The short-dashed orange line and solid red line corresponding
to T and P, respectively, are visually unaffected when accounting for non-number resolving detectors. Other parameters used:
Td = 5/γ1, γ2 = 0.85γ1, γ
?
k = 0.002γ1, ∆ = 0.02γ1, δk = 0, γ
±
sk = 0.5× 10−6γ1, and χ?k = 10−6γ1 for k ∈ {1, 2}. For P, we also
assume that ∆↑ = ∆↓ = ∆. For panel (b) we set η0 = 0.999 for continuity with panel (a) and choose γ1 = 108 Hz.
in figure 8a are washed out by spin decoherence when
the distance approaches or exceeds the fibre attenuation
length Latt = 22 km. However, the differences in effi-
ciency scaling remain apparent, with N having the po-
tential to exceed the efficiency of T and P by a couple
orders of magnitude for long-distance entanglement gen-
eration, although with a modest fidelity for our chosen
parameter set.
V. CONCLUSIONS
In this work, we have demonstrated a powerful and
intuitive approach based on conditional propagation su-
peroperators to analytically and numerically compute fig-
ures of merit for single-photon heralded entanglement
generation protocols subject to dephasing. Our method
relies on concepts from quantum trajectories and is apt
given its resurgence in related techniques for analyzing
emitted field states [45–47]. Our approach includes a
multitude of realistic imperfections that must be consid-
ered when developing a platform for quantum informa-
tion processing based on solid-state emitters. Some of
these imperfections may also be relevant for other quan-
tum emitters, such as trapped atoms and ions experienc-
ing excess dephasing processes.
We have provided simple relations to estimate the fi-
delity and efficiency for three popular entanglement gen-
eration protocols. These results are directly useful for de-
veloping future proposals for system-specific applications
and may also help guide the experimental development
of solid-state emitters for quantum information process-
ing. Furthermore, we have used our results to compare
these three protocols in order to reveal their strengths
and weaknesses in detail.
Although the analysis in this work focused on a simpli-
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fied three-level model for the quantum systems, our ap-
proach can be applied to more complicated systems, such
as those in the critical cavity coupling regime [63], spin-
optomechanical hybrid systems [64], or perhaps emit-
ters in unconventional hybrid cavities [75, 76]. It may
also prove to be a powerful tool to analyze other pho-
ton counting applications when exposed to decoherence
process such as novel single-photon interference phenom-
ena [77] or deterministic entanglement generation using
feedback [70]. Moreover, by extending the decomposition
and measurements to include detector temporal resolu-
tion, the methods presented in this paper may provide a
foundation to analyze the effects of decoherence on pho-
ton time-tagging heralded measurements.
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